
Comment on “Existence and design of trans-vacuum-speed metamaterials”

S. A. Tretyakov*
Radio Laboratory, Helsinki University of Technology, P.O. Box 3000, FIN-02015 HUT, Finland

(Received 18 February 2004; published 6 December 2004)

It is shown that metamaterials considered by Ziolkowski and Cheng[Phys. Rev. E68, 026612(2003)] as
media that support trans-vacuum-speed pulses must exhibit instantaneous response. Thus, they are not physi-
cally realizable as linear passive materials.
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Considering linear passive causal materials with the con-
stitutive relations of the form

Dxsz,td = e0Exsz,td + e0E
0

`

GstdExsz,t − tddt, s1d

or, in the frequency domain,

Dxsz,vd = e0f1 + xsvdgExsz,vd, s2d

the authors of[1] claim that the susceptibilityxsvd can have
a nonzero limit atv→`. This means the assumption that the
permittivity esvd=e0f1+xsvdg does not tend toe0 when the
frequency tends to infinity. The authors argue that although it
is “generally assumed because of causality and, hence, satis-
faction of the Kramers-Krönig relations” thatesvd tends to
e0 at infinity, this is in fact not required by causality.

It is correct that this property is not required by causality,
but it is incorrect that it is “generally assumed because of
causality.” Actually,esvd tends toe0 at infinity because no
material can exhibit instantaneous response. The proof can
be found in many textbooks(e.g., [2,3]), and we briefly re-
vise it for the reader’s convenience. Physically, this property
follows from the fact that if the field varies very quickly,
electrons(whose mass is nonzero) cannot react to the field
and the material is not polarized at all(e.g., [2,4]). Math-
ematically, the limituxsvduv→`=0 follows from simple prop-
erties of the integral definingxsvd,

xsvd =E
0

`

Gstde−jvt dt. s3d

Indeed, in all passive media without instantaneous response
the kernel function defined in(1) is finite at all t [and
Gstd→0 at t→`]. Denoting maxhGstdj=M, we have an
estimate,

uxsvdu = UE
0

`

Gstde−jvt dtU , MUE
0

`

e−jvt dtU . s4d

The last integral obviously tends to zero forv→`.
As is known from the properties of the Laplace transform,

the asymptotic behavior ofxsvd for large frequencies is re-
lated to the behavior ofGstd near zero. Integrating(3) by

parts, one arrives to the following asymptotic expansion
[Ref. [3], p. 333]:

xsvd < − j
Gs+ 0d

v
−

G8s+ 0d
v2 − ¯. s5d

HereGs+0d= lim
t→+0

Gstd.

The above derivation is based on two key assumptions.
First, Gstd=0 at t,0 (causality). Second,Gstd is every-
where finite and continuous(no instantaneous response). If
we allow instantaneous response,Gstd can take infinite val-
ues and does not have to be a continuous function. In par-
ticular, we can assume thatGstd=dstd (Dirac d function) and
arrive to a model of a causal material with a constant per-
mittivity at all frequencies. This is actually the case assumed
in [1]: The inverse Fourier transform of susceptibilityxsvd
given by Ref.[1], Eq. (14) can be easily calculated, and it is
of the formGstd=xgdstd + a finite function oft (the finite
function is a combination of decaying exponents and trigo-
nometric functions specified in[5]). These are valid models
at moderate frequencies where one can neglect retardation of
the medium response. However, instantaneous models lose
their sense at extremely high frequencies.

The reason for the confusion is apparently the quasistatic
model of artificial materials(a circuit model built from some
inductances, capacitances, and resistances), which is valid
only at moderate frequencies. Arbitrarily extending the va-
lidity region to infinitely high frequencies, the authors of[1]
arrived to a conclusion of possible “trans-vacuum speed”
propagation of information. A similar reasoning allowed one
of the authors of[1] to conclude in[5] that “superluminal
transmission of information” is possible in an artificial ma-
terial formed by an array of metal wires and an array of
metal split-ring resonators modeled by

e = e0S1 −
vp

2

v2 − jGev
D, m = m0S1 −

Fv2

v2 − vo
2 − jGmv

D ,

s6d

whereF.0.
This is an expected conclusion since according to this

model atv→` the permeability tends to a constant that is
smaller thanm0. But in fact this model is valid only in the
quasistatic regime where the split-ring resonators are small
compared to the wavelength. At high frequencies, the reso-
nator response to magnetic fields quickly diminishes and,*Electronic address: sergei.tretyakov@hut.fi
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moreover, the effective permeability loses its physical mean-
ing [2]. As a result, we arrive to a natural conclusion that
lim
v→`

msvd=m0. Thus, the pulse front propagates with the

speed of light and there is no superluminal transmission of
information.

In summary, Ziolkowski and Cheng in[1] assumed that
lim
v→`

xsvd=xgÞ0. This means that their hypothetical

metamaterial produces instantaneous response. “Trans-
vacuum-speed” behavior under this assumption is an ex-
pected result, because the front of a pulse propagates with
the speed[Ref. [1], Sec. IV]

vfront =
c

Î1 + xg

. s7d

It is enough to choose −1,xg,0. However, instantaneous
response is not possible in passive linear media, which
means thatxg=0.

The author would like to thank Professor R. W. Zi-
olkowski for a clarification of his results and a reference to
his earlier publications and also Professor I .S. Nefedov and
Professor C. R. Simovski for a helpful discussion on this
subject.

[1] R. W. Ziolkowski and C.-Y. Cheng, Phys. Rev. E68, 026612
(2003).

[2] L. D. Landau, E. M. Lifshitz, and L. P. Pitaevskii,Electrody-
namics of Continuous Media, 2nd ed.(Butterworth, Oxford,
England, 1984), Secs. 78 and 82.

[3] J. D. Jackson,Classical Electrodynamics, 3rd ed.(Wiley, New
York, 1999), pp. 332–333.

[4] J. van Bladel,Electromagnetic Fields(Taylor and Francis,
New York, 1985), p. 227.

[5] R. W. Ziolkowski, Phys. Rev. E63, 046604(2001).

COMMENTS PHYSICAL REVIEW E 70, 068601(2004)

068601-2


